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Abstract

Molecular thermodynamic models based on lattice framework
have been widely applied to study the thermodynamic properties
and the phase behaviors of chain-like fluids. Recently, we have
developed a new molecular thermodynamic model by combin-
ing statistical mechanics theory with computer simulation. The
effects of branching, coordination number, chain stiffness, com-
position, hydrogen bonding and pressure on thermodynamic
properties and phase behaviors can be well described by the
new model. Satisfactory agreement is obtained between the
predicted results and Monte Carlo (MC) simulation data for mul-
ticomponent Ising and Flory—Huggins lattice systems. The model
can be used to satisfactorily correlate phase equilibria including
vapor—liquid and liquid—liquid equilibria for the mixtures of ordi-
nary fluids, polymers, and ionic liquids. Incorporated with density
functional theory (DFT) for nonuniform fluids and weighted-den-
sity approximation (WDA), the model can also be used to
describe the adsorption of polymer at solid-liquid interface
and conformation distributions at interfacial regions. For the
morphologies of micro-phase separation of diblock copolymers
confined in curved surfaces, a framework has been developed
based on the strong segregation limit (SSL) theory. The SSL pre-
dictions agree well with simulation and experimental results on
multilayer transitions. Upon comparison between theoretical
predictions and MC simulations, we have established a numerical
calculation method of the Helmholtz energy for a special struc-
ture called the complex multilayered sector column (CMSC)
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structure. Finally, the detailed theoretical studies together with
simulations indicate that the CMSC structure tends to be formed
at higher thickness, while the mutually competing concentric
cylinder barrel and the sector column structures appear at
lower thickness.

1. INTRODUCTION

A large number of new functional materials used in engineering
practice have unique meso-scale structures related to the processes over
a wide range of length and time scales. These meso-scale structures
determine the properties of functional materials. To design and control
material manufacturing, it is crucial to understand the formation
mechanisms of the meso-scale structures and to investigate the effects
of different engineering factors such as the changes of flow field, tem-
perature gradient, and external field on the structures. For example,
copolymers typically with multi-scale structures can be used as tem-
plates to prepare various complex materials (Bates, 1991; Park et al.,
1997; Xia et al., 1999; Li and Huck, 2002). To realize the regulation of
the meso-scale structures of copolymer materials, there are three
fundamental questions. What are the physical conditions for micro-
phase separation to form materials with desired compositions and
meso-scale structures in different domains? How are the meso-scale
structures evolved during preparation period? What is the composition
or density profile at interface, which might determine the stability
and properties of the material? The first question can be solved by
an equilibrium thermodynamic theory (e.g., an equation of state
(EOS) or a Helmholtz energy model)(Prausnitz et al., 1999), or by com-
puter simulation such as Monte Carlo (MC) and molecular dynamics
(MD) (Sadus, 1999). The second question involves the dynamics
of meso-structure evolution that can be examined by field-based theo-
ries (e.g., time-dependent Ginzburg-Landau equation (TDGL)(Chaikin
and Lubensky, 1995), self-consistent-field theory (SCFT)(Matsen and
Barrett, 1998), dynamic density functional theory (DDEFT)(Fraaije,
1993), and the cell dynamics system method (CDS))(Oono and Shiwa,
1987; Oono and Puri, 1988), or by coarse-graining simulations (e.g.,
dissipative particle dynamics (DPD)(Groot and Warren, 1997), kinetic
Monte Carlo (KMC)(Graham and Olmsted, 2010), Langevin dynamics
(LD) (Pankavich et al., 2009), and lattice Boltzmann (LB) method)
(Song et al., 2008). The last question can be addressed by density func-
tional theory (DFT)(Wu, 2006) and SCFT (Scheutjens and Fleer, 1979),
also by simulations (Chen et al., 2010; Feng et al., 2005).
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In our laboratory, we have developed a multi-scale theory to study
above questions based on an off-lattice model for polymer materials
(Liuet al., 2008). We first developed a molecular thermodynamic model
(EOS and Helmholtz energy model) for square-well fluids (SWCF-EOS)
based on the statistical mechanics theory of association. Combining
SWCEF-EOS with the Langevin equation and adopting a weighted-
density approximation (WDA), we then developed a DDFT based on
equation of state (EOS-based DDFT). Finally, this SWCF-EOS with
WDA was applied for polymers at interfaces. The key of the theory is
the development of the EOS or Helmholtz energy model for homoge-
neous fluid at a molecular level. The molecular parameters in model can
be obtained by the regression of experimental vapor pressure and/or
pVT data of pure substance. This EOS or Helmholtz energy model can
be used to accurately describe vapor-liquid equilibria (VLE), liquid—
liquid equilibria (LLE), and solid-liquid equilibria (SLE) for nonpolar,
polar, and associating small molecules, as well as polymers and ionic
liquids (Hu ef al., 1996a; Liu and Hu, 1998; Peng et al., 2001; Peng et al.,
2002; Peng et al., 2003; Li et al., 2009a; Li et al., 2009b; Li et al., 2009¢). The
EOS-based DDFT can describe the meso-scale structures of polymers
and their evolution dynamics. The effect of pressure on meso-phase
separation can be successfully predicted (Xu et al., 2007a; Xu et al., 2007b;
Xuetal., 2008a). DFT could describe the density distribution and molec-
ular conformation of polymer at interface (Cai et al., 2002; Zhang et al.,
2004; Ye et al., 2005; Ye et al., 2006; Chen et al., 2006a; Ye et al., 2007;
Chen et al., 2007; Chen et al., 2008).

In this review, we introduce another approach to study the multi-
scale structures of polymer materials based on a lattice model. We first
show the development of a Helmholtz energy model of mixing for
polymers based on close-packed lattice model by combining molecular
simulation with statistical mechanics. Then, holes are introduced to
account for the effect of pressure. Combined with WDA, this model
of Helmholtz energy is further applied to develop a new lattice DFT to
calculate the adsorption of polymers at solid-liquid interface. Finally,
we develop a framework based on the strong segregation limit (SSL)
theory to predict the morphologies of micro-phase separation of diblock
copolymers confined in curved surfaces.

2. LATTICE BASED MOLECULAR THERMODYNAMIC MODEL
OF POLYMER SYSTEMS

In a lattice model, molecules are assumed to be arranged regularly on an
array of sites or cells as shown in Figures 1 and 2, each polymer chain
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consists of r segments that occupy a series of r successive sites, each
solvent molecule has one segment. A polymer system contains N, sim-
ple cubic lattice sites, each site can be occupied by one segment of
polymer or a solvent molecule. In close-packed lattice, there is no empty
site as shown in Figure 1 corresponding to an incompressible polymer
solution. There are interaction energies between nearest-neighbor
segment-pair symbolized as —&. If the segment numbers of all molecules
are equal to 1, it is the Ising lattice. For realistic lattice fluids, in addition
to the segments of polymer and solvent molecules, there are vacancies
as shown in Figure 2 corresponding to a compressible polymer solution.

O

| Solvent 1

Segment of
polymer 2

Molecular
bonding

Figure 1 Close-packed lattice model.

O

Solvent 1

Segment of
polymer 2

Molecular
bonding

Figure 2 Lattice fluid model.
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The number of vacancies is related to the pressure of the polymer
system.

People have recognized the problems associated with lattice mod-
els over half a century. The most prominent one is that it is difficult to
obtain concise and accurate analytical expressions for Helmholtz
energy of mixing and other thermodynamic properties. Even for
the simplest Ising lattice, only the one-dimensional (1D) and two-
dimensional (2D) lattice can be rigorously solved on the basis of
statistical mechanics. The three-dimensional (3D) lattice has yielded
so far to rigorous analysis only by way of series expansion (Hill,
1956). An alternative way other than traditional statistical mechanical
derivation might be needed. Toward this end, introducing molecular
simulation into statistical mechanics to establish models seems to be
useful (Hu and Liu, 2006). In off-lattice approaches, a good example
is the well-known Carnahan-Starling equation for hard-sphere fluids
(Carnahan and Starling, 1969). The equation was established by a
linear combination of the PY pressure equation and compressibility
equation; the coefficients were judged by simulation results. The
EOS for hard-sphere chain fluids developed in our laboratory is
another example (Hu et al., 1996a). Based on the sticky-point model
of Cummings, Zhou, and Stell (Cummings and Stell, 1984; Stell and
Zhou, 1989; Zhou and Stell, 1992), an expression of residual
Helmholtz energy in terms of cavity correlation function (CCF) was
established where the nearest-neighbor CCF was derived from
rigorous Tildesley-Streett equation (Tildesley and Streett, 1980)
inducted from simulation of hard dumbbells, the next-to-nearest-
neighbor CCF was obtained by fitting simulation of trimers. A con-
cise EOS similar to the Carnahan-Starling equation was finally
obtained for hard-sphere chain fluids. To develop the Helmholtz
energy model of mixing for polymer systems based on lattice, we
adopted the similar approach, that is, combining molecular simula-
tion with statistical mechanics.

A wide variety of theories have been developed for polymer solu-
tions over the later half of the last century. Among them, lattice
model is still a convenient starting point. The most widely used
and best known is the Flory—-Huggins lattice theory (Flory, 1941;
Huggins, 1941) based on a mean-field approach. However, it is
known that a mean-field approximation cannot correctly describe
the coexistence curves near the critical point (Fisher, 1967; Heller,
1967; Sengers and Sengers, 1978). The lattice cluster theory (LCT)
developed by Freed and coworkers (Freed, 1985; Pesci and Freed,
1989; Madden et al., 1990; Dudowicz and Freed, 1990; Dudowicz
et al., 1990; Dudowicz and Freed, 1992) in 1990s was a landmark.
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Similar to Mayer’s theory for nonideal gases, they developed a dou-
ble expansion in power series with respect to the reciprocals of coor-
dination number z and temperature T. However, because of the
complexity of the expansion, lengthy equations are involved even
for truncation at the first order or at the second order, its practical
usage is largely limited. For some cases, the results are unsatisfactory,
for example, the predicted critical compositions of binary polymer
solutions exhibit unrealistic kink in contradictory with simulation
(Madden et al., 1990; Yan et al., 1996; Panagiotopoulos and Wong,
1998). Also the predictions do not match well with simulated for
ternary polymer systems (Jiang et al., 1997). Hu et al. (Hu et al,,
1991a; Hu et al., 1991b; Hu et al., 1996b) developed a revised Freed
Theory (RFT) by using an effective chain-insertion probability for
entropy and a series expansion for energy. The former is used to
improve the mean-field Flory-Huggins entropy term, while the latter
is adopted to account for interactions between more than two seg-
ments. The coefficients in the model are determined by a few simu-
lation data and referred to as a rigorous LCT. The agreement with
simulation for spinodals and binodals is excellent, much better than
the classical Flory-Huggins theory. The comparisons with calculated
binodals and critical coordinates by LCT for binary and ternary sys-
tems over a wide range of chain lengths indicate that the two theories
give almost same results. Lambert et al. (Lambert ef al., 1993) and Bae
et al. (Chang et al., 1998) have made similar improvements. Chen
et al. (Chen et al., 2000; Chen et al., 2005) extended RFT to random
copolymer solutions, Bae et al. (Chang and Bae, 2003; Oh and Bae,
2010a) extend their model to polymer blend systems.

Recently, we developed a new close-packed lattice model for poly-
mer systems (Yang ef al., 2006a; Yang et al., 2006b; Xin et al., 2008a) based
on Zhou-5Stell theory (Stell and Zhou, 1989; Zhou and Stell, 1992). This
model was extended to random copolymer systems (Xin et al., 2008b)
and used to develop an EOS based on lattice fluid model (Xu et al.,
2008b; Xu et al., 2009a).

2.1 General framework

We start from a simple cubic lattice system containing N, sites with a
coordination number z = 6. The lattice is filled with K components of
chain molecules. N; and r; are the number of molecules and chain length
of component i, respectively. r; = 1 means that the ith component is a
solvent. The total number of lattice sites is N, = EIKZ 1 Niri. Only the
nearest-neighbor interactions are considered.

According to Gibbs—Helmholtz relationship, the Helmholtz energy
of mixing of system can be obtained by integrating the internal energy



160 Honglai Liu et al.

of mixing against the reciprocal of temperature:
1T

Amgsz(Avanupw+i/(Amgndaﬂn (1)

0

(AmixF/ D)1 /10 is the Helmholtz energy of mixing of system at temper-
ature approaching to infinity. The interactions between segments have
no effect on the thermodynamic properties at infinite temperature,
(AmixF/ D170 is the negative of the athermal entropy of mixing
—ALixSo. The second term on the right-hand side of Equation (1) is
the residual contribution of the Helmholtz energy of mixing (AF")
due to the interactions between segments that include the internal
energy of mixing and the entropy arose from the interactions between
segments. Equation (1) can be further expressed as

AmixF = _TAmiXSO + AFY (2)

To obtain the residual Helmholtz energy of mixing AF", we design a
three-step process as shown in Figure 3 (Xin et al., 2008c¢): (1) dissociate
the pure chains to form pure monomers; (2) mix monomers and solvent
to form an Ising mixture; and (3) associate the monomers into chain
molecules. The residual Helmholtz energy of mixing AF" can be
expressed as

AF" = AF; + AF, + AF} (3)
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Figure 3 Sketch for the mixing process of chain-like molecular systems (Xin et al.,
2008c).
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The second term on the right-hand side of Equation (1) is the resid-
ual Helmholtz energy of mixing for an Ising mixture (AmixFrISmg). Its
expression will be discussed below.

For the contributions of step (1) and step (3) to the residual
Helmholtz energy of mixing (AF", + AF%3), the bond energies in-
volved in the dissociation step (1) and the association step (3) are
mutual compensated; therefore, they need not be considered in this
scheme. However, their environments in the dissociation step (1)
and the association step (3) are different, the entropy changes arisen
from the dissociation and association of polymer chains are then
different. In the step (1), dissociation occurs in pure substance, the
environment has no change before and after dissociation, the
entropy change is thus zero. While in the step (3), the association
of polymer chains occurs in mixtures, the monomer of Ising mixture
should be first arranged in the same conformation of polymer solu-
tion then bonded into chain-like molecules, the entropy is arisen
from this configuration change of the Ising mixture. The formalism
of chemical association through the CCF y in our previous work
(Hu et al., 1996a) based on the sticky-point model of Cummings,
Zhou, and Stell (Cummings and Stell, 1984; Stell and Zhou, 1989;
Zhou and Stell, 1992) can be employed. The total residual Helmholtz
energy of mixing in the step (1) and step (3) is given by (Yang et al.,
2006a; Xin et al., 2008a)

KTN,Ing'" (4)

1

K
AF] + AF} = —

i=1

where ¢ is the r-particle correlation function.

Currently, it is formidable, if not impossible, to derive an explicit
expression for ¢® solely by statistical mechanics. In off-lattice
space, Zhou and Stell (Zhou and Stell, 1992) adopted a linear ap-
proximation and simplified the r-particle CCF by using the nearest-
neighbor two-particle CCF. In our previous work for hard-sphere
chain fluids, besides the nearest-neighbor two-particle CCF, we used
the next to nearest correlations determined by simulation (Hu et al.,
1996a). In this work, we follow the similar approach. If we adopt
Kirkwood’s superposition approximation, we can write ¢"? =
(§®)*7!, where ¢® is the radial distribution function. However, this ap-
proximation neglects the long-range correlations. We then introduce a
parameter A into the exponential to account for the long-range cor-
relations beyond the close contact pair, g2 = (g(‘z))yz_l”‘, where
¢® and A are to be determined. Then, Equation (4), the contribution
of dissociation and association of polymer chains (AisxF Chain), 1S
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rewritten as

AnicFlyin  AF + AF; K (ri—1+4 A )
NAT T NAT T D " Lging!? ©)
r r i—1 i

Finally, we have the expression for the Helmholtz function of
mixing A F,

r
AmixF _ _ AmixSO + AleFIsmg + AleFZham (6)
N, kT N,k N,kT N, kT

2.2 Athermal entropy of mixing

Among various theories for the athermal entropy of mixing
AixSo, Staverman and Guggenheim’s athermal entropy of mixing
(Guggenheim, 1952) is proved to be the best by comparison with sim-
ulation (Hu and Liu, 2006; Yang et al., 2006a). As shown in Figure 4
for chemical potentials of an athermal binary mixture with r; = 1 and
r» = 4, and in Figure 5 for the generalized plot for the probabilities
of 1-1 pairs versus surface fraction for athermal binary mixtures of
r1 = 1 and various chain lengths r,, the predictions from Staverman-—
Guggenheim’s theory are perfect, and much better than that from the
Flory—Huggins theory. Therefore, we adopt Staverman-Guggenheim’s
athermal entropy of mixing (Guggenheim, 1952) for A .,;,So,

AmixSO Amlx SGu ¢
B ggenhelm i In ql 7
N,k Z neits, Z ¢’ b 7
6
o Monte Carlo o4
4 ' ————Flory Huggins
, Guggenheim
....... Modified Freed
&0
2 F
a4 b
& ‘ ' I '
0 - 04 0.6 0.8 1
¢

Figure 4 Chemical potentials of an athermal mixture with r, = 4.
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Figure 5 Probabilities of 1-1 pairs of athermal mixtures with different chain lengths
(Yang et al., 2006a).

where, z is the coordination number of the lattice. ¢; and 6; are the
volume fraction and surface fraction of component i, respectively, which
can be calculated by ¢; = N;r;/ Z]K:1 Njrj and 0; = Niq,/ Z]K:1 qu]-, q; is
the surface area parameter defined as g;=[r/(z —2) +2]/z.

2.3 Residual Helmholtz energy of mixing for multicomponent
Ising mixture

The Ising lattice is the simplest lattice model in which each molecule
occupies a single site. Nevertheless, as mentioned above, due to math-
ematical difficulties, a rigorous analysis of the 3D Ising lattice has so far
achieved only by means of series expansion (Hill, 1956). When the chain
length is equal to 1, the Flory—Huggins theory and the Freed’s LCT can
also be used in Ising lattice (Hu et al., 1991a; Hu et al., 1991b; Hu et al.,
1996b). Other theories for the Ising lattice are Bragg—-Williams approx-
imation (Bragg and Williams, 1934), Bethe-approximation (Bethe and
Wills, 1935), and Kikuchi’s cluster variation method (Kikuchi, 1951),
which have been employed to investigate the phase behavior of solid
alloys. All these mean-field theories show comparable accuracy with
the Flory—-Huggins theory for the Ising lattice.

For a binary Ising lattice, we introduced a nonrandom factor that
was observed from simulation to have a linear relation with composi-
tion. The characteristic parameter of the linear relation was found by
combining a series expansion and the infinite dilution properties. On
this basis, an accurate expression for the Helmholtz energy of mixing
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was developed, which can accurately reproduce the critical point and
coexistence curve of Ising lattice (Hu and Liu, 2006; Yan ef al., 2004). This
model has been extended to multicomponent Ising mixture (Yang et al.,
2006ca). The predicted internal energy of mixing for ternary and qua-
ternary systems match accurately with simulation results. The pre-
dicted liquid-liquid phase equilibria for ternary systems are in nearly
perfect agreement with simulation results, and substantially improved
against the Flory-Huggins theory and the LCT.
For a simple cubic Ising lattice with a total N, sites is occupied by K
}7)<es of molecules, each molecule occupies one site, the constrains
1 Ni =N, and 2N;; + Z i Njj = zN; are satisfied, where N; is the
number of molecules of component i, Njj is the number of i—j contact
pairs, and z = 6 is the coordination number of the lattice. The internal
energy of mixing of the Ising system can be calculated by

K K
Z ZNI‘]E{]‘ (8)

i=1 j=1

mDC

.-l>\»—‘

where €;; = &;; + &;; — 2¢;; is the exchange energy between components i
and j. To calculate Nj;, a nonrandom factor f;; is defined by N;;/2Nj;; =
fijxj/ xi, where x; = N;/N, is the mole fraction of component i. Then, we
get the number of i—j contact pairs

K
Njj = Zerix]’fij/ Zk:1 Xify 9)

with f;; = 1. By substituting Equation (9) into Equation (8), the internal
energy of mixing is

A zN, KK K
mix = 4 szixjf,‘jeij/ Zk:l xk];k (10)

i=1 j=1

The nonrandom factor f;; characterizes the degree of deviation from
ideal mixing, and its numerical value can be estimated directly by
simulation. It is shown that 1/f;; has a fairly well linear relation with
mole fraction. For binary Ising lattice, the expression of f;; was obtained
by combining simulation and statistical mechanics (Yan et al., 2004). For
the multicomponent Ising lattice, a generalized expression has been
proposed as

K &ij + & — &
1/fy =3 mexp (M) (1)
k=1

where &;; = Be;; is the reduced exchange energy with 8 =1/kT.
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The Helmholtz energy of mixing can be obtained by substituting
Equation (11) into Equation (10) and integrating Equation (10) with
Gibbs—-Helmholtz equation against the reciprocal of temperature. In
the integration, we first expand it to a polynomial of the reciprocal of
temperature for ternary Ising system (K = 3), then integrate and finally
obtain the expression of Helmholtz energy of mixing by Gibbs—
Helmholtz equation. The complete expression is very long and compli-
cated even truncated at the third order of the reduced energy. For
simplification and practical use, the expression is truncated at the sec-
ond order of the temperature, with a constant c introduced to maintain
accuracy. Finally, we have

K K K
Amle lenx, _’_AZ_LZZJQX 81]

i=1 j=1
K K K cz [ K XK ~ ’
ZZszx xiEijlix — T szij&j (12)

i=1 j=1 k=1 i=1 j=1

o2
x,'x]'(‘,‘ij

K K
—1 =1

EIN

+

o N

By reproducing the critical point of binary Ising system, we getc=1.1.
Figure 6 shows the coexistence curves for binary Ising lattice predicted
by this model, the Flory-Huggins model, and the Freed model. The
predicted results of our model are in nearly perfect agreement with
simulation data (Yan et al., 1996). Figure 7 is the 3D diagram for the
internal energy of mixing for a ternary Ising system with &, = 0.4,
€13 = 0.3, and &3 = 0.2. All the simulation data (open squares) are
distributed on the curved surface calculated by Equation (10).

1.6

08 rp Flory—Huggins

0.6 ! — — —Freed

—— This work

0.4 . . ‘ , . . . . .
0 01 02 03 04 05 06 07 08 09 1
E%)

Figure 6 Coexistence curves of binary Ising lattice (Yan et al., 2004).
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Figure 7 Internal energy of mixing for a ternary Ising lattice (Yang et al., 2006ca).

By subtracting the Helmholtz energy of ideal mixing (35, x; In x;),
Equation (12) can be used to calculate the residual Helmholtz energy of
mixing (AmixFrISing) of monomer mixture of polymer system in step 2 of
Figure 1. However, the mole fraction x; should be replaced by volume
fraction ¢;. We have

r
AleF Ismg

> K K > K K .
N, kT = ZZZ¢1¢ 81] Ezz‘pi@gﬁ
K K K P i
Z Z > piiikijéin — 16 Z Z bid;cij (13)

2.4 The residual Helmholtz energy of dissociation
and association of polymer chains

The residual Helmholtz energy due to the dissociation of polymer
chains in pure state and the association of polymer chains in mix-
ture state can be calculate by Equation (5). The pair correlation
functions of component i in the corresponding Ising lattice system
are calculated by 81 =1/ Z] 19jf;; (Liu et al., 2007). The residual
Helmholtz energy of dissociation and association of polymer chains
is then

AleFc ain K ( -1 + )\'
Nrk’; - Z Z ¢]f1] (14)

i=1
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2.5 Helmholtz energy of mixing of polymer systems

Finally, by substituting Equations (7), (13), and (14) into Equation (7),
we obtain the Helmholtz energy of mixing for multicomponent poly-
mer systems

AmixF K ¢i K qz 9
NAT ;r—ilnqﬁi +§;¢ In—* +

o
z K K ~ . K K o
“ 16 E Z ¢i¢1’81’2j T3 Z Z Z bipiPreijEix
% =
LS , K
Zw@m <Z ¢].fi].> (15)

The parameter A characterizing the long-distance correlations was
determined by MC results of critical temperatures and compositions for
two binary polymer systems with chain lengths r; = 1, r, = 4 and 200
(Yan et al., 1996; Panagiotopoulos and Wong, 1998). The long-range
correlations for a branched polymer are apparently different from
those of a linear polymer with the identical molecular weight, although
they both have r — 1 neighboring pairs. Similar to Hawker et al.
(Hawker et al., 1991), a parameter D, = (N, + Nj, —2)/r has been intro-
duced to characterize the degree of branching (Yang et al., 2006b), where
N, represents the number of ways in which three bonds meet up at a
lattice site (Nemirovsky et al., 1987); Ny, is the number of head units of a
polymer chain. By this definition, the degree of branching of linear
polymers is naturally equal to zero. The increase in the degree of
branching Dy, enhances the segment contacts and the long-range corre-
lations. Finally, the parameter A can be calculated by

z(ri — 1)(ri — 2)(1 + Dy;)
6r?

z K
1 E bidj€ij
— 5

K
i=1

»
Il
-

A=

(0.13217; + 0.5918) (16)

This equation can be used for polymers of arbitrary Dy, in a lattice
with arbitrary z.

2.6 Comparisons with molecular simulation results

The above molecular thermodynamic model for polymer systems
has been widely tested by comparing with simulation results
(Yang et al., 2006a; Xin et al., 2008a). Figure 8 shows the comparisons
between predicted critical temperature and critical volume fraction
for binary polymer solutions at different chain lengths of with the
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Figure 8 Chain-length dependence of the reduced critical temperature and the
critical volume fraction. Square and triangle: MC data; solid line: this work; dot-dashed
line: this work with A = 0; dash line: Flory—Huggins’s theory; dotted line: Freed theory
(Yang et al., 2006a).

simulated results of Yan et al. (Yan ef al., 1996) and Panagiotopoulos
and Wong (Panagiotopoulos and Wong, 1998). Figure 9 shows the
comparisons between simulated coexistence curves (Yan et al., 1996;
Panagiotopoulos and Wong, 1998) with predictions of our model for
binary polymer solutions with chain lengths up to r, = 600. Figure 10
shows the comparison between simulated spinodals (Rodriguez et al.,
1992) with predictions by various theories for systems with r, = 18 and 60.

0.0 L 1 1 1

0.0 0.2 0.4 0.6 0.8 1.0
D,

Figure9 Coexistence curve of binary polymer solutions with different chain lengths.
From bottom to top: the chain lengths are 1, 2, 4, 8, 16, 32, 64, 100, 200, and 600,
respectively.
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Figure 10 Coexistence curve of binary polymer solutions with chain length r, =18
and 60. Open squares: MC data; solid line: this work; dash line: Flory—Huggins theory;
dotted line: Freed theory.

Figure 11 shows the coexistence curves of branched polymers L, B2,
and D with 7, = 65 and different architectures. The predictions from
this model agree very well with MC data (Arya and Panagiotopoulos,
2005), particularly at high-polymer volume fractions. Figure 12 illus-
trates the comparisons between calculated binodal curves by the RFT
(Chen et al., 2005), this work (Xin et al., 2008b), and corresponding
simulation data (Chen et al., 2000; Chen et al., 2005) for random

20
I Ve MR
18
& 16
two branches
dendrimer
14
12 T T T T T : :
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 11 Coexistence curves of branched polymer solutions with r, = 65 and
different architectures (Yang et al., 2006b). MC data: squares (L), crosses (B2), triangles
(D); solid line: this work; dotted line: LCT.
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Figure 12 Coexistence curves for lattice random copolymers with different chain
compositions Exa:€ap:€ps = 1.0:0.8:0.6, ry =1, r, = 32(Xin et al., 2008b). Solid line: this
work; dotted line: RFT.

copolymer systems where the chain length is held fixed at 32 but the
chain composition varies, the employed interaction energy parameters
are Eaa:éapiéps = 1.0:0.8:0.6. Figure 13 shows the predicted LLE of
ternary polymer solutions with type 1 and type 2 phase separation.
The MC data are taken from (Jiang et al., 1997; Xin et al., 2008a; Liu et al.,
2007). The liquid-liquid phase equilibria of ternary chain-like mixtures
predicted by this model are in good agreement with MC simulation

B ‘ 0.\ 0.00
000 025 050 075 100

@
Figure 13 Liquid—liquid equilibria phase diagrams of ternary polymer solutions
(Xin et al., 2008a). Open circles: the simulated results; dotted lines: Flory—Huggins;
short-dot lines: RFT; solid lines: this work.
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Figure 14 Normalized internal energy of mixing for a binary polymer solutions with
r, = 64(Yangetal., 2006a) and 100. MC data: kT/< = 4 (open square); kT/< =10 (open
triangle); kT/€ = —10 (open diamond); solid lines: this work; dotted line: Freed theory;
dash line: Flory—Huggins theory.

results. All three types of phase separations of Treybal classification
can be described satisfactorily. Figure 14 shows the comparisons
between simulated internal energies of mixing zA i U2N,Ed1ho
(Yang et al., 2006a) with those predicted by various theories for systems
with r, = 64 and 100. The predicted critical temperatures and critical
compositions, spinodals and coexistence curves as well as the internal
energies of mixing for systems with various chain lengths are in satis-
factory agreement in comparison with simulation results.

2.7 Equation of state for polymer systems based on lattice
fluid model

To account for the volume (pressure) effect, a lattice fluid model
based on the Flory—Huggins theory was first proposed by Sanchez
and Lacombe (Sanchez and Lacombe, 1976; Lacombe and Sanchez,
1976) by assuming complete randomness in the distribution of mole-
cules and holes on the lattice. Hu and coworkers (Hu et al., 1992)
adopted a two-step mixing process to introduce holes to the RFT
and established another lattice fluid model. Recently, Shin et al.
(Shin and Kim, 2006) extended a new quasichemical nonrandom lat-
tice fluid model to describe VLE of mixtures. Panayiotou et al.
(Panayiotou et al., 2004) developed a nonrandom hydrogen-bonding
model, which was applicable to various systems including nonpolar
systems and highly nonideal systems with strong specific interac-
tions, and Tsivintzelis et al. (Tsivintzelis et al., 2006) derived new
analytical expressions for the nonrandomness factor, which was used
to describe nonrandomness in mixtures, and compared it with others
corresponding expressions.
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Figure 15 Process of two-step mixing (Xu et al., 2008b).

To extend a close-packed lattice model Equation (15) to a lattice fluid
model, we adopt a two-step process as shown in Figure 15 to establish
an EOS (Hu et al., 1992). In the first step, pure chain molecules at close-
packed lattice are mixed to form a close-packed mixture. In the second
step, the close-packed mixture is mixed with Ny holes to form an
expanded realistic system with volume V at temperature T and pressure
p. According the two-step process, the Helmholtz energy of mixing can
be expressed as

AnixF = AmixF1 + AmixFrn (17)

Following (Hu et al., 1992), the same model is applied for both steps.
In the first step, the Helmholtz energy of mixing A,.iFr is calculated by
Equation (15). In the second step, the close-packed mixture is consid-
ered to be a pseudopure substance ““a”, its average segment number r,,
and the segment—segment interaction energ(y parameter &,, are esti-
mated by r,' = K ¢;/ri and €., = S8, > 0i0;ei; with &;;=(1 — k)
(8,,8]]) 2, ki is an adjustable parameter and Can be Correlated from
experlmental data. Then, Ny holes are mixed with pseudopure sub-

stance ““a”, and the Helmholtz energy of mixing A, Fiy in this step is
St 2L o - )+ Linp +
{_a — Pl + (g, —1)p] + pq” 1“1+<q%1>ij
5= (1-P)p— = (-7 - - f % pin [11: ((11_—;))[)%} } s

where D = exp(1/T) — 1, A, is the parameter characterizing the long-

L4 77

range correlations between monomers in the pseudopure substance ““a
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beyond the close contact pairs and can be obtained by Equation (16).
Using classical thermodynamics, we obtain the EOS for mixtures (Xu
et al., 2008b; Xu et al., 2009a)

f):T{—ln(l—b)+§ln[§<:—a—l>b+l]}—gf) E, (19)
Fo= 142 720 [1+(1-p)DJ*—1
. C [I+(-p)DI[1+(1-p)pD)

(3p*'—4p>+p%) +

The reduced temperature T, reduced pressure p, and reduced den-
sity p are defined by T = kT /€, p = pV*/€a, and p = N,V*/V, respec-
tively. Where V" is the hard-core volume of a site or a segment.

2.8 Applications for calculations of phase equilibria

Applying the lattice model to practical systems, we have to introduce
physically meaningful temperature dependence for the energy param-
eter due to the oriented interactions between segments. The double-
lattice model previously proposed by the authors can provide this
relationship (Hu et al., 1991a; Hu et al., 1991b; Hu et al., 1996b). For each
type of i—i, j—j, and i—j segment-segment pairs, we imagine a secondary
lattice to account for the additional Helmholtz energy originated from
various possible arrangements of the oriented and nonoriented inter-
actions. For i—j pairs, the total number of sites in the corresponding
secondary lattice N,;; relates to the number of i—j pairs N;; by the con-
servation relation, N,;; z/2 = Nj;. This secondary lattice is an Ising lattice
in which the number of sites available for oriented interactions is N,;i7;;,
while the remaining N,;i(1 — 1;) cannot participate in oriented i—j inter-
actions as shown in Figure 16.
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Figure 16 A schematic representation of double lattice model for oriented
interactions between molecules i and j (Hu et al., 1991b).
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The additional Helmholtz energy responsible for this secondary
lattice can be expressed by using Equation (12) for binary Ising mix-
ture with x;, x, replaced by 7;; and (1 — 7;). Finally, we obtain the
temperature-dependent interchange energy that is quadratic to the
inverse temperature.

éi]‘ = GIJ/kT = [881,‘]‘ + 58(2>ij/kT =+ 88(3)1j/(kT)2] /kT (20)

The lattice fluid molecular thermodynamic model described above
has been used to calculate phase equilibria including VLE and LLE
for systems containing ordinary fluids, polymers, and ionic liquids.
Figure 17 shows the calculated spinodal curves and liquid-liquid co-
existence curves of PS/cyclohexane systems with temperature-
independent energy parameters (Yang et al., 2006a). Figure 18 shows
the calculated liquid-liquid coexistence curves of tert-butyl acetate/PS
and water/poly(ethylene glycol) systems with temperature-dependent

305 303
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T M, = 100000

205 |+
288

285

T(K)
T(K)

M,, = 51000

275 1
Spinodal Coexistence curves M, = 20400
265 . . 258 . . . A
0.00 0.10 0.20 0.30 0.0 0.1 02 0.3 0.4 0.5
D, )

Figure 17 Spinodal curves and coexistence curves of PS/cyclohexane systems
(Yang et al., 2006a).
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Figure 18 Coexistence curves of tert-butyl acetate/PS and water/poly(ethylene
glycol) systems (Yang et al., 2006cb).
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Figure 19 Vapor-liquid equilibria for system of propanol + [Me;BuN][NTf,] and
liquid—liquid equilibria for system of [R,mim][PF¢] + Butan-1-ol (Yang et al., 2006d).

energy parameters (Yang et al., 2006cb). Figure 19 shows the VLE for
x1{propanol} + (1 — x1){[Me;BuN][NTf,]} and LLE for x,{[R,mim][PF]}
+ (I — xp{Butan-1-ol}(Yang et al., 2006d). Combining the Flory’s
Gaussian chain model for the elastic contribution due to the cross-link
between polymers, this model was also used to calculate the swelling
behavior of temperature- and/or solvent-sensitive hydrogels in pure or
mixed solvents (Huang et al., 2008; Zhi et al., 2010). Figure 20 is the
swelling curve (swelling ratio, SR) of PNIPAm gels in ethanol/water
mixed solvents at different temperatures.

The EOS based on the lattice fluid model has also be used to describe
thermodynamic properties such as pVT behaviors, vapor pressures and
liquid volumes, VLE and LLE of pure normal fluids, polymers and ionic
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Figure 20 Swelling ratio of PNIPAm gels in ethanol/water mixed solvents (Zhi et al.,
2010).
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Figure 21 Phase diagrams for mixtures of CHF; and [Cymim][PF¢](Xu et al., 2009b) and
the LLE for cyclohexane (1) + 2-butanone (2) + [Csmim][PF¢] (3) mixture at 298.15K.

liquids, and their mixtures (Xu et al., 2008b; Xu et al., 2009a; Xu et al.,
2009b). Usually, the parameters in an EOS are obtained by correlating
experimental pVT behavior, vapor pressure, and liquid volume data.
For the VLE of binary mixtures, only one adjustable binary interaction
parameter was used. The solubility of gas in polymer and ionic liquid
can be calculated up to a high pressure. The VLE and LLE of ternary
systems containing ionic liquid can be accurately predicted. Figure 21
shows the isothermal pTx phase diagrams for mixtures of CHF; and
[Cymim][PF¢] and LLE binodal curves for cyclohexane (1) + 2-butanone
(2) + [Cemim][PF¢] (3) mixture at 298.15 K.

3. DENSITY FUNCTIONAL THEORY OF LATTICE BASED
POLYMER ADSORPTION

Polymer adsorption at interface plays a key role in many traditional
technical fields such as paints, coatings, surface lubricants, ceramics,
and adhesives, as well as many emerging areas including self-assem-
bly of functional nanostructures. The layers formed by polymer
adsorption have rich structural features because long flexible mole-
cules can adopt a large number of conformations resulting in signif-
icant entropic effect. Adsorption of a flexible macromolecule onto an
impenetrable surface causes a competition between the reduction in
conformational entropy and the energetic compensation of favorable
binding. The counterbalance of this competition dominates the molec-
ular conformations and properties of adsorbed polymers. Using dif-
ferent approximations, a series of theoretical models for polymer
solutions have been developed based on lattice or off-lattice model.
The lattice model provides a simple but effective method for fluids
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where the packing effects are not important. Neglecting the packing
effects of segments near surface, the adsorption behavior of polymer
is exclusively determined by the coupling of conformational entropy
and segmental interaction energy.

A number of lattice-based theories have been developed for poly-
mer adsorption (Scheutjens and Fleer, 1979; Simha et al., 1953; Ash
etal.,1970; Helfand, 1975; DeMarzio and Rubins, 1971; Scheutjens and
Fleer, 1980; de Gennes, 1980a). Among them, a well-known adsorp-
tion theory was proposed by Scheutjens and Fleer (SF) (Scheutjens
and Fleer, 1979; Scheutjens and Fleer, 1980). By approximating the
partition function of polymer solutions at interface and adopting a
matrix method (DeMarzio and Rubins, 1971), they successfully
extended the Flory-Huggins theory (Flory, 1941; Huggins, 1941) to
predict the adsorption profiles of polymer near solid surface. The
mean-field approximation adopted is reasonable at high densities
but invalid at low densities (Hu et al., 1991a; Hu et al., 1996b;
Janssen and Nies, 1997). Another approach to polymer adsorption is
based on integral equation theory that directly describes the correla-
tions of polymer segments with adsorbing wall (Janssen and Nies,
1997). By neglecting packing effects, Janssen et al. used the discretized
polymer-reference interaction site model to calculate the adsorption
profiles. With an appropriate closure relation and approximation of
the intramolecular two segments distribution function, they obtained
improved predictions. To describe the structural and thermodynamic
properties of inhomogeneous fluids, DFT is a robust method with the
Helmbholtz energy density functional of system as its starting point.
Over the last two decades, DFT has been successfully applied to
inhomogeneous polymeric systems, and most of studies have been
focused on the continuum free-space model (Cai et al., 2002; Zhang
et al., 2004; Ye et al., 2005; Ye et al., 2006; Chen et al., 2006a; Ye et al.,
2007; Chen et al., 2007; Chen et al., 2008; Woodward et al., 1991; Kierlik
and Rosinberg, 1992; Yethiraj and Woodward, 1995; Zhou and Zhang,
2001; Yu and Wu, 2002; Patra and Yethiraj, 2000). In the mean time,
lattice density functional theory (LDFT) has been proposed for the
Ising lattice and for the adsorption of lattice gas. The pioneer work of
LDEFT is the Ono—Kondo equation (Ono and Kondo, 1960) based on
the mean-field approximation. More rigorous treatment is to connect
the Helmholtz energy functional with the nonideal interactions
through the classical approximation in analogy to the continuum
counterpart (Nieswand et al., 1993; Reinhard et al., 2000; Prestipino
and Giaquinta, 2003). Ono—Kondo LDFT has been extended to inves-
tigate lattice fluids with various types of molecular structures and
intermolecular interactions, including dimers (Aranovich et al., 1999;
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Aranovich et al., 2000; Chernoff et al., 2002; Chen et al., 2006b). The
extension of LDFT to polymer adsorption has been a challenge.

Recently, we presented a LDFT for polymer solutions on a 3D lattice
on the basis of an analytical expression of ideal Helmholtz energy
density functional for polymer systems (Chen et al., 2009). The excess
contributions in the Helmholtz energy density functional are con-
structed by adopting the close-packed molecular thermodynamic
model for polymer solutions described above with either local density
approximation (LDA) or WDA. The LDFT developed takes into account
the intrinsic energy due to the constraints of connected segments, as
well as the site exclusion originated from the excluded-volume effect,
the attractive interactions between the nearest neighbors, the long-
range correlations from the nonbonded interactions, and their cou-
plings with intrinsic energy. At a special condition, the theory can be
used to obtain the equilibrium segment-density distribution for a poly-
mer at interface. By including the correlations between polymer seg-
ments due to chain connectivity and attractive interaction, the theory
not only predicts the density profiles well but also provides the infor-
mation of adsorption conformation.

3.1 General formalism

In the lattice representation of a polymer solution, each polymer seg-
ment or solvent molecule occupies one lattice site, while the system is
regarded as a binary mixture of polymer and solvent. The Helmholtz
energy of system can be expressed as

F=Fd 4 AF> (21)

F'9 and AF® are the ideal Helmholtz energy functional and excess
Helmholtz energy functional, respectively. The ideal Helmholtz energy,
as a functional of p,(Q) and ps(q), can be written as

BF0,(Q), 0s(q)] = BEH") — BTS
= IB Z /OP(Q)th + Z IOP lnpp )

+ Z Ps(q)Inp,(q (22)

Here subscripts p and s represent polymer and solvent, respectively, Q
is the coordinate of all polymers with configurations inherited and ¢ is
that of all solvent molecules, V;,,,(Q) is the intrinsic energy function. If
all the potential terms in addition to the intrinsic energy of r connected
segments are taken into account, the real Helmholtz energy functional



Molecular Thermodynamic Models 179

of the system can be expressed by

BFlop(Q). ps(a)] = BF[0p(Q), ps(q)] + BAF*[om(q), ps(q)]  (23)

The excess part is approximated as a functional of solvent density
distribution p4(q) and the average segment-density distribution
Pm(q). The latter is related to polymer density p,(Q) via a transform as

om(g) => > 8a;—a)pp(Q) (24)
Q -1

with p(g) + ps(g) =1 for incompressible polymer solution, where § is a
Kronecker delta, 5(x) = 8o,

3.2 Lattice density functional for a homopolymer solution

We consider a simple cubic lattice with a coordination number z=6.
For an incompressible polymer solution, each lattice site is occupied
by a solvent molecule or by a segment of polymer chain. The attrac-
tion interactions between the nearest-neighbor sites are character-
ized by a reduced exchange energy & = f(&pp + &s — 2€ps) between
a segment p and a solvent s, where ¢;; is the attractive energy of an
i—j pair.

3.2.1 Excess Helmholtz energy functional

To construct the excess Helmholtz energy functional AF®™ for inhomo-
geneous fluids, the close-packed molecular thermodynamic model for
homogeneous bulk fluids described by Equation (15) is used by com-
bining the LDA and nonlocal WDA. The excess Helmholtz energy
functional is then separated into the athermal entropy of mixing and
the internal energy of mixing,

AFeX == ArrlixFather + AmixFinter (25)

Comparing Equation (25) with Equation (23), the approximate den-
sity functional of athermal part in Equation (25) can find its counterpart
in Equation (23) and is assumed to be

inhomogeneous

ﬂ AmixF ather

ﬁAF:her [/Om (q)’ ps(‘l)] (26)

where

ﬁA ;?her = Z¢ch(pm(q)7 ,Os(q)) (27)
q
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This athermal excess Helmholtz energy functional can be esti-
mated via the Staverman-Guggenheim athermal entropy of mixing
(Guggenheim, 1952). ¢, is a function of p; (i = m, s), representing the
segment-segment (intrachain or interchain) and segment—solvent vol-
ume repulsions in athermal solution,

Pen(Pm; Ps) =5 [ Pmln & (O:, Pm + /OS)IH( Pm + /05)} (28)
where o, = [(z — 2)r + 2]/z. Because the intersegment volume repulsions
are reflected by the “’site exclusion’” within a single lattice site, the LDA
can be used to calculate p,,,. The approximate density functional of the
internal energy of mixing in Equation (25) can also find its counterpart
in Equation (23). However, the WDA should be adopted. The functional
is assumed to be

inhomogeneous

BAmixFinter ARy, = Z Pm(9)f aeee (Pm(q), Ps(q)) (29)

where p;(q) (i = m, s) is the coarse-grained (weighted) density
defined as

(@) =D w(lg —a)pu(d@), Ps(q) =1~ Du(q) (30)

/

q

fattr(pm/ IOS) :fam(/om/ /Os) +fac(pm/ ps)/ Where farn and fac Stand for the
contributions from the attractive interactions and the coupling effects
between energetic correlation and chain connectivity, respectively. The
expressions of the two functions can be obtained through the Helmholtz
energy for uniform fluids

Z |- 1. 1.
fam(Pm: P5) =5 |85 = 58 pmpf = 28 pmpT(1 = 20mps)|  (31)

r—14+A, lexp(€) — 1]ps + 1
In ~
r [exp(€) — 1]pmps + 1

fac(Pms ps) = — (32)

where A, is a factor accounting for the long-range correlations of poly-
mers and is calculated by Equation (16).

To construct the functional for inhomogeneous fluids and account
for the correlations, the coarse-grained densities rather than the local
densities should be used. For convenience, we use the Heaviside step
function to estimate the weighted densities. In this work, the attraction
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exists between nearest neighbors only; therefore, the weighting sum-
mation constrained by the Heaviside step function & merely runs over
the sites adjacent to site g and itself. The weighting function is therefore
given by w(x) = O(x —1)/(z + 1).

3.2.2 Grand potential and equilibrium density distribution
For the lattice model, the grand potential £2 can be written as

R=F+> [VoQ) — up] pp(Q) (33)
Q

where (, is thg chemical potential and V3*(Q) = Z';:'l veXt(qj). is.the
external potential exerted on all segments. The variational principle
gives that the extremum of grand potential corresponds to the equilib-
rium state of the system, which results in

882
Spp(Q)

where the functional derivative is equivalent to a partial derivative with
respect to pp(Q) in the discrete condition. Substituting Equation (33)
into Equation (34) and using Equation (23), the LDFT equation for
equilibrium distribution p,(Q) can be obtained as

Pp(Q) = exp [ﬂﬂp — BVine(Q) — ,B'I/(Q)] (35)

=0 (34)

where

SBAF™
1 tnpy(qy) + 2P

50 (q,)+ve“(qj) (36)
=1 i

SBAF™  SBAF..  SBAFS,

ather inter

3om(q) — $pm(q) 30om(q)

— 8¢ch _ a¢ch _ B
B apm(‘]) 8,05(,1) +fattr(pm(l]), ps(q))

) 0
#32 pmele ~a) Gt — e (37)
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Substituting Equation (35) into Equation (24), we finally have the
LDFT equation to determine the segment-density distribution as

m(@) = > 8(a; — q)explBip — BVue(Q) — BP(Q)]  (38)
g

In order to solve Equation (38), we have to know the expression of the
intrinsic energy function V;,(Q). This function has no contribution to
the Helmholtz energy in bulk, thereby it must satisfy the normalizing
condition

> exp[-BVim(Q)] = 1 (39)
Q

For freely jointed flexible chain, the intrinsic energy can be defined by
the r-mer Mayer function of an ideal chain,

18(la.. —al —1
expl- BVin(Q)] = [[ 0 =) (40)
=1

From Equation (40), Equation (38) can be expressed by
Z exp[By — Be()] G (@)GY (@) (41)

Here, the left and right propagator functions, Gij '(g) and G,({ '(g), are
calculated by the following recursive relations

6= 3= Dol poiqicl Vi) @2)
q/

(a= 3 =1 Do poa i g) @)
q/

wherej=1,2, ---,r—1,and G| (q) = G¥(g) = 1.

3.3 Polymer adsorption at solid—liquid interface

The LDFT equation near a planar solid surface can be rewritten as

pu(k) =2 explBroy — Be(k)|GY ()G (k) (44)
=1
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where @, =@(00), that is, the value of ¢ with the bulk density p,, and
the propagator function G gy (k) can be calculated by Equation (42) or
Equation (43).

The segment-density distributions of train, loop, and tail form can be
calculated by LDFT,

train ptrain = Pm (1 ) (45)

r

loop ploop(k) = %exp [,Br(pb — ,B(p(k)] Z G/@ (k)Gth - (k) (46)

=1

il pa(k) = 2 exp Bron, — o] Y GLHIGE T H) (47)

=1

where G(J (k) can be Calculated by Equatlon (42) or Equatlon (43)
with the condition G J(k) = 8(k—1) and G ( )= GY(1). G(/ (k) =
G9 (k) — GY (k).

The LDFT performs quite well at high densities and the deviations
from simulation become distinct when the chain connectivity is impor-
tant at low densities, long-chain polymers, or low temperatures.
Figure 22 plots the normalized surface coverage p*(1) versus the bulk
density of an athermal (upper line) and thermal (lower line) 30-mer
polymer from the LDFT. The symbols denote the results from MC
simulation of (Janssen and Nies, 1997). It is seen that the o1, dependence
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Figure 22 Normalized surface coverage versus the bulk density of 30-mer polymer
from LDFT (Chen et al., 2009).
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p*k)

Figure 23 Total segment-density distributions of thermal 40 mers. p, = 0.108, 0.311,
0.51 from bottom to top (Chen et al., 2009).

of p*(1) is reasonably accurate at all bulk densities, especially at o}, > 0.5.
At low density (0, <0.5), the overestimation of LDFT is somewhat
distinct. Figure 23 shows comparisons between theoretical prediction
and MC data for the total segment-density distributions of a thermal
case with r = 40.

4. MESO-STRUCTURES OF POLYMER MELTS CONFINED
IN CURVED SURFACES

Considerable attention has been paid to the self-aggregation of diblock
copolymers primarily due to their ability to form periodical spatial
meso-structures such as the body-centered cubic, the hexagonal, and
the lamellar structures Both theoretical and experimental approaches
have demonstrated that the morphologies of block copolymer melts are
essentially controlled by molecular architecture, polymerization index,
composition, external fields, and many others. These micro-phase
structures can be used as templates to prepare duplicated nanomater-
ials. For instance, Hashimoto’s group (Mita et al., 2008) has produced a
polymer template with the macroscopic orientation of hexagonally
packed cylinders by imposing a moving temperature-gradient field.
Rider (Rider et al., 2008) have migrated polystyrene-b-poly(ferroceny-
lethylmethylsilane) diblock copolymers into silica colloidal crystals and
inverse silica colloidal crystals.

The formation mechanism of micro-phase structures for block copo-
lymers essentially roots in a delicate balance between entropic and
enthalpic contributions to the Helmholtz energy. Several theories have
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been developed. Leibler (Leibler, 1980) calculated the mean-field ther-
modynamic potential by using the random phase approximation. The
Strong Segregation Limit (SSL) theory, originally proposed by Helfand
and Wasserman (Helfand and Wasserman, 1976), was further devel-
oped by Ohta and Kawasaki (OK) using this approach (Ohta et al., 1986;
Ohta and Kawasaki, 1990). The key point in OK theory is that the
Helmholtz energy of copolymer melt with micro-phase separation
can be divided into two parts: one is contributed by the short-range
interaction and another by the long-range interaction, that is, the enthal-
pic and entropic contribution, respectively. Moreover, the Helmholtz
energy density of the enthalpic contribution was assumed to be propor-
tional to the Flory—Huggins interaction parameter between the immis-
cible blocks, while that of the entropic contribution is scaled to the
polymerization index inversely. Later, Fredrickson and Helfand
(Fredrickson and Helfand, 1987) extended SSL theory by taking account
of fluctuation effects. Following OK theory, SSL theory was improved
further to deal with simple graft and star copolymers (Anderson and
Thomas, 1988), and calculate the phase diagrams of ABC triblock copo-
lymers (Zheng and Wang, 1995). By utilizing the analytical calculation,
instead of the density expansion method in OK theory, Semenov
(Semenov, 1989; Semenov et al., 1996) studied both micellization and
phase separation in the SSL case. Likhtman (Likhtman and Semenov,
1994; Likhtman et al., 1999) extended Semenov’s theory for the stability
of ordered bicontinuous double diamond structure and the surface
deformations of polymeric brushes in solution.

The external potentials or geometry confinements greatly influence
the morphologies of block copolymer melts. The lamellar phase of AB
diblock copolymer melts confined between two flat plates has been
studied by Turner (Turner, 1992). He found that for surfaces with weak
selectivity, either parallel or vertical lamellar structures can be formed
depending on the extent of frustration between film thickness and bulk
lamellar period. This model was further improved by Walton et al.
(Walton et al., 1994) to calculate the Helmholtz energy of both sym-
metrical and asymmetrical thin films. They found that a critical layer
number exists, and above which only the parallel morphology exists
symmetrically; whereas, below this number, either vertical or parallel
lamellar symmetrical structures can be predicted depending on the
deformation of chain. The experiments on the P(S-b-MMA) thin films
confirmed their predictions (Lambooy et al., 1994; Kellogg et al., 1996).

More recently, many studies have been reported on the micro-phase
separation of block copolymers with multidimensional confinements
including cylindrical and spherical shapes. Shin and Xiang’s group
(Shin et al., 2004; Xiang et al., 2004; Xiang et al., 2005a) observed the
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phase behavior of polystyrene-block-polybutadiene by transmission
electron microscopy (TEM). Via a capillary action, the diblock copoly-
mer was drawn into nanoporous alumina membranes to produce free-
standing nanorods with a variety of pore diameters. The similar way
was also adopted by Sun et al. (Sun et al., 2005) to prepare polystryrene-
block-poly(methyl methacrylate) nanorods, in which the diameter-
dependence of the morphologies was systematically investigated by
varying the pore diameters of templates from 400 nm down to 25 nm.
More experimental results on the cylindrical confinement of block copo-
lymers were reported in (Xiang et al., 2005b; Ma et al., 2006). More
researches focused on simulation and the theoretical analysis (He
et al., 2001; Sevink et al., 2001; Feng and Ruckenstein, 2006a; Feng and
Ruckenstein, 2006b; Chen et al., 2006c; Chen and Liang, 2007; Li et al.,
2006; Li and Wickham, 2006; Sevink and Zvelindovsky, 2008; Xiao et al.,
2007; Zhu and Jiang, 2007; Yu et al., 2006; Yu et al., 2007a; Yu et al., 2007b;
Yu et al., 2007c; Wang et al., 2008a; Wang et al., 2008b; Wang, 2007; Han
et al., 2008). A wide variety of morphologies for block copolymers
confined in a cylinder such as the so-called “multibarrel-layer,” ““dart-
board,” or ““concentric cylinder barrel’”” was predicted by simulation
(He et al., 2001) and DDFT (Sevink et al., 2001). As consistent with
experimental results, Yu et al. (Yu et al., 2006; Yu et al., 2007a; Yu et
al., 2007b; Yu et al., 2007¢) systematically investigated the morphologies
of AB diblock copolymers under multidimensional confinements via
the lattice MC simulation. Inspired from Wang’s work (Wang, 2007), a
simple model for the layer thickness of concentric lamellae in both 2D
and 3D confined systems was proposed for symmetrical diblock copo-
lymers (Yu et al., 2007b; Yu et al., 2007c), where the accurate layer
thicknesses was calculated based on the lattice model and compared
with Wang’s theoretical prediction. In a ring-like curved confinement,
Han et al. (Han et al., 2008) studied the effect of disperse index on the
morphology of diblock copolymers and found that such effect acts
directly on the formation of concentric cylinder structures.

In general, if a ring-like curved surface selects one of the blocks
strongly, parallel lamellar structures (or concentric-ring barrel struc-
tures) will occur. If the surface is neutral or weakly preferential,
however, more complex structures such as the sector column and the
multilayer sector column will form. Theoretically, the molecular ther-
modynamic model described in Section 2 can be used to calculate the
Helmholtz energy of this system, and the equilibrium complex struc-
tures can be obtained by minimizing the Helmholtz energy. However,
the interfacial Helmholtz energy should be accounted in this case due to
the existence of interfaces among different meso-domains. In this work,
the Semenov’s approach is adopted to deduce the Helmholtz energy of
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AB diblock copolymers confined in ring-like curved surfaces. Both
strong and weak preferences to different block from the curved surfaces
will be discussed. Especially, the Helmholtz energy confined in a nano-
pore can be obtained once the interior radius approaches to zero. For a
strong preferred surface in a nanopore, to predict structural lamellar
transition, MC simulations are carried out to investigate symmetrical
and asymmetrical concentric cylinder barrel structures, and the
Helmbholtz energy profiles are plotted as a function of dimensionless
radius. However, for a weak preferred surface in a nanopore, the dis-
cussions are mainly done for symmetrical parallel lamellar and sector
column phases. Comparing this graph with simulation results, we
found a conflict of compatibilities caused by neglecting other possible
morphologies. Consequently, the topological morphology of complex
multilayered sector column (CMSC) structure is extracted theoretically
from MC simulation.

4.1 Monte Carlo simulation for diblock copolymers confined
in curved surfaces

In order to develop a theoretical method for describing the meso-
structures of diblock copolymer confined in curved surfaces, MC sim-
ulation was first used to find the possible phase separation structures of
diblock copolymer melt.

4.1.1 Diblock copolymers confined in cylindrical pore

4.11.1 Strong preference to block copolymer. A cylindrical pore with a
size of R, X L, was used in the simulation, where R., is the exterior
radius of pore and L, = 50 is the length of pore. The periodic boundary
condition was applied in the axial direction &xp = 0.5kgT is the
interaction energy between A and B segments, while €xs = —&ps =
—1.0kgT is the interaction energy between the block and the exterior
pore surface. Those interaction energy parameters suggest that the
interaction between blocks and B is repulsive, the surface has strong
attractive interaction with block A and strong repulsive interaction with
block B. The volume concentration of the AsBs diblock copolymer is
90%.

In order to determine the thickness of each layer for the concentric
cylinder barrel structure, the radial order parameter, Y@r) = (palr)
— (M) / (pa(r) + ¢p(r), was introduced, where ¢(r) is the density of
Ablocks atr, and < > denotes the ensemble average. 1/(r) > 0 means the
rich A layer at r and ¥/ (r) < 0 otherwise. Figure 24a and b plot {¥(r) with
Rex/Lo =1.39 and 1.80 corresponding to Niayer = 1.5 and 2, respectively.
It is shown that the symmetrical cylinder barrel in Figure 24b possesses
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Figure 24 /(r) profiles at varying Re,/Lo: () Rex/Lo = 1.39, Niayer = 372 and (b) Rex/
Lo = 1.80, Niayer = 2.

the same fringe thickness at both outmost and innermost layer, and at
each middle layer, whether it belongs to A domain or not, nearly twice
the thickness of the fringe layers. As for the asymmetrical structure in
Figure 24a, the alternative ABAB concentric cylinder barrel can be
considered as a combination of symmetrical ABA and AB with half a
period. All the remarks can be confirmed through the data in Figure 24.

The morphology transition of multilayered structures can be quan-
titatively determined byy(r). Figure 25a reveals the relationship
between Niayer and Rex/Lo. It can be seen that symmetrical structure
occurs at about R../Lo = n, while asymmetrical structure at about
Rex/Lo =1+ (1/2), where n is an integer. Before or after these transition
points, the excess relaxation or compression in each layer space causes
the deviation from the characteristic period L,. The circles with sparse
bias in Figure 25a indicate the transition points at Rex/Lo=1.14and 1.72,
corresponding to Niayer = 1 and 1.5, respectively. Due to the perturbed
frustration between R, and Ly before these transition points, a signif-
icant deformation, instead of the perfect circle, occurs in the center
phase of the pores, as shown in Figure 25b and c. In Xiang’s experiments
(Xiang et al., 2004), the deformation in the center phase for either PS or
PBD was also observed by TEM, which agrees well with our simulation.

4.112  Weak preference to block copolymer. Figure 26 shows the MC
simulated morphologies of AsBs diblock copolymers confined in
cylindrical nanopores with the different exterior radii Rex and &xs =
&ps = 0. It is shown that the lamellar structure forms parallel to the
pore axis. However, there is a little difference between small and
large Rex. The lamellar structure is not bended at small Ry as shown
in Figure 26a, while it is bended like the wave-shape at large R, as



Molecular Thermodynamic Models 189

2.5

2.0

layer

08 10 12 14 1.6 lﬁ iZb 2? :24
R /L

ex 0

(a)

(b) (c)

Figure 25 (a) For concentric cylinder barrel, Niayer Versus Re,/Lo is plotted. The
circles with sparse bias mark the transition points at R.,/Lo = 1.14 and 1.72,
respectively. Parts b and c are the snapshots corresponding to Niayer = 1and 1.5,
respectively.

shown in Figure 26b—e. There are four small collective phase regions
approximated by the concentric square column structure phase. The
statistical average values of gyration radius of diblock copolymer
chains show that the plane (x, y) component is more than 4.0 and the
perpendicular component is nearly 1.0. This indicates that AB diblock
copolymer chains are relatively compressed in the z direction, whereas
they are relatively stretched and ellipse-like along the plane (x, v).
Additionally, the up-and-down periodical change in gyration radius
of diblock copolymer chains with R, is observed, which implies that
even though an ellipse-like packing along the plane (x, v), AB diblock
copolymer chains would also shrink and spread alternately with the
increase of R... It is consistent with the prediction by SSL theory
shown later.
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Figure 26 Micro-phase morphologies of AsBs diblock copolymer melts in cylindrical
nanopore as the neuter exterior surface when varying the exterior radius Rey. £ap =
0.5k T; €45 = £ps = 0. Red: A block; blue: B block. (a) Rex = 9; (b) Rex = 30; (€) Rex = 35; (d)
Rex = 40; () Rex = 45.

4.1.2 Diblock copolymers confined between two concentric
curved surfaces
When the confined surfaces suffer from a weak interaction with block
copolymer, either parallel or vertical lamellar structures for AB diblock
copolymer systems under flat and curved confinements could exhibit,
as shown in Figure 27. From theoretical predictions (Turner, 1992;
Walton ef al., 1994) and simulations (Wang ef al., 2000; Yin et al., 2004),
the frustration between d and L, could result in the alternative appear-
ance of parallel lamellar and vertical lamellar structures under flat
confinements. A question is naturally arisen: can both concentric cylin-
der barrel and sector column structures appear under the curved
confinement?

The morphologies of AB diblock copolymers confined between
two concentric curved surfaces with exterior radii R., and interior radii
Rin have been investigated via MC simulations in our previous work
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Figure 27 Schematic illustrations of lamellar morphologies for AB diblock
copolymers under flat and curved confinements. The concentric cylinder barrel
structure under curved confinement corresponds to the parallel lamellar structure
under flat confinement (left). The sector column structure corresponds to the vertical
lamellar structure (right).

(Xiao et al., 2007). The results indicate that the regular parallel lamella
structure (the concentric cylinder barrel structure) appears if d and Ly
are compatible in both flat and curved confinements, while a vertical or
distorted vertical lamellae structure (sector column structure) is
observed otherwise. Upon increasing the curvature of the exterior sur-
face K = 1/Rey, the compatibility span of d and L, becomes smaller;
consequently, the formation of the parallel lamella structure (or the
concentric cylinder barrel structure) is more difficult. Our MC results
in this work are shown in Figure 28 and more details can be referred to
(Xiao et al., 2007).

The effect of curvature on the morphology transition of AB diblock
copolymers by MC simulation is illustrated in Figure 29 (correspond-
ing to Figure 8 in (Xiao et al., 2007)). When d/Ly = 0.735, d and L, are
compatible from Figure 28a, a parallel lamellar structure occurs at
Niayer = 1 and K = 0 as observed from Figure 29a. When K increases,
the incompatibility between d and Ly becomes more acute, and more
vertical lamellar domains along with the thickness emerge as shown
in Figure 29b-d. Figure 29c shows the typical coexisting vertical and
parallel lamellar structure of AB diblock copolymers. A series of
simulations prove that the distorted vertical lamellar structure, rather
than the perfect sector column and concentric cylinder barrel struc-
tures, forms more readily at the higher K because of its lower
Helmholtz energy, which is also classified as the incompatible region
in Figure 28b—c.
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Figure 28 Effect of d/Loas) (MC simulation result origins from Figure 9 in (Xiao et al.,
2007)) on morphology transitions of AB copolymers at different curvature K of (a) O;
(b) 0.03125; (c) 0.04167; and (d) 0.0625. “inco” means “incompatible region,” while
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Figure 29 Morphologies of AB diblock copolymers confined in symmetry surfaces
with various K at d/Lo(as) = 0.735. Red: A blocks; blue: B blocks. K: (a) 0; (b) 0.03125;
(c) 0.04167; and (d) 0.0625.

4.2 SSL theory for diblock copolymers confined in ring-like
curved surfaces

According to the MC simulation results mentioned above, if the diblock
copolymer melts are confined in cylindrical pore or between two con-
centric curved surfaces with strong preference to one of the blocks, the
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concentric-ring barrel structures can be observed. However, if the in-
teractions between polymer block and surfaces are weak, the sector
column structures or more complex structures may appear. Those irreg-
ular complex structures can be considered as the combination of simple
regular phase separation structures. In order to theoretically describe
those structures, the Helmholtz energies of simple regular phase sepa-
ration structures are first derived by using SSL theory in the following
sections.

The SSL theory regards chemically distinct blocks to be completely
immiscible. The Helmholtz energy of the molten diblock copolymer
system consists of two contributions: one is the interfacial energy Fin:
and the other the elastic energy of blocks Fg;. In Semenov’s SSL theory
(Likhtman and Semenov, 1994; Semenov, 1985), the excess Helmholtz
energy per copolymer chain is simplified and expressed as:

So 372 / 2
F=Noaxp—+——— [ z(r)"dr 48
AB VO 8f§{NlZ2V0 ( ) ( )

[

where N is the polymerization degree of block copolymers, 0 55 is the
interfacial tension of A and B domains expressed by the Flory—Huggins
parameter x as oap=a(x/ 6)'/2,V, is the volume of a Wigner—Seitz cell,
Sois the interfacial area per cell, fo is the volume fraction of & block and a
is the statistical bond length. The model system contains # monodis-
persed diblock copolymer chains confined in two concentric curved
surfaces with a size of Rex X Rin X L, where L, is the length at z
direction, R., and R;, are the exterior and interior radii. The thickness
is d = Rex — Ry, and the curvature is K = 1/Rqy. The symmetric exterior
and interior surfaces prefer to attract A segments but are repulsive to B
segments. 0 55 (Or 0'gg) defines the interfacial tension between A domain
(or B domain) and the two surfaces. In this work, the average concen-
tration of segments p(=nN/V) is assumed to be unity.

4.21 Helmholtz energy of symmetrical parallel lamellar confined
in ring-like curved surfaces
Figure 30 shows the symmetrical concentric-ring barrel structure
(A-B-A),, confined between two ring-like curved surfaces (cylinders).
It is assumed that the fringe thickness is the same for both the exterior
and interior layers, while that of the middle layers is nearly twice in size
regardless of A domain or B domain. This assumption has been proved
to be valid via MC simulation mentioned above.

The length of the circular lamellar period is L. A variable d is set to
denote the thickness of the barrel structure, d = mL, m is the number of
periods. From Figure 30, the interfacial Helmholtz energy of a barrel
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Figure 30 Symmetrical concentric-ring barrel structure (left) confined in the ring-
like surface and a unit cell with one lamellar period L (right).

structure characterized by d or m per copolymer chain can be expressed
as

Fisgt‘“ — nl LZzn[(R(A) - £L> + <R(A) —L+ gLﬂ X LZ]
¢ =1
X OaB +2n£<zRex D)o (49)
) an(zzzex —d) 20a 7L, (2Rex — d)

C Cc

= 2mo A

where 7. is the number of copolymer chains, subscripts S and ex denote
the wall surface and the exterior surface, L, is the length of cylinder, and
f is the asymmetrical parameter of diblock copolymers. Obviously,
f cancels out in Equation (49), which indicates that the asymmetry of
AB diblock copolymers has no effect on the interfacial Helmholtz
energy. Equation (49) can be further simplified with p = n.N/V.

poym _ 2N

e = g (Mo ap + Oas) (50)

As for the elastic Helmholtz energy of a single chain, applying
Equation (48) to A block gives

3m2L, &

[Sa)]
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The conformational integral is calculated by
fL/2 fL
2 _ = 2
Jis 0 2(r)"dr = /0 21 {R()\,) 5 —H’}r dr
fL/2
—I—/ ZJT[R(A) —L+][2L—r}r2dr
0

AP
12

[2R(A) — L] (52)
By combining Equation (52) with Equation (51), the elastic Helmholtz

energy of A block can be obtained as

A T°L fL3
st~ Na2V

m(2Rex — mL) (53)
Similarly, the elastic Helmholtz energy of B block can be obtained from

Equation (48). For a unit cell shown in Figure 30, the distortion can be
estimated by

(f+xx)(2R()L) —]U;“L) — 2R(A) —];L (54)

where x; is the distortion coefficient of B block in the Ath cell. Hereby,
the conformational integral is extended as

3713 474 13
5 x; L ) x3 L L* o008
/ z(7) dr—ZJT[ 51 (R(A) 2L> i —|—3 (l 2)
[Sp()]
Ll s ooy
x (R(k) L+2L)+7 (1 2) (55)
The elastic Helmholtz energy of B block can be written as
3L, -~

FS = / 56
=R Wzl (56)

By combining Equation (53) with Equation (56), the elastic
Helmholtz energy of AB diblock copolymer chain can be obtained.

Finally, after substituting Equations (50), (53), and (56) into
Equation (48), the excess Helmholtz energy F™ per copolymer
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chain can be further simplified and formulated as a function of d
and m,

2N >
FSym _ ﬁ (moag +0as) + 3£Nﬂ2 L? + th (57)

4.2.2 Helmholtz energy of asymmetrical parallel lamellar confined
in ring-like curved surfaces

Figure 31 shows the structure of an asymmetrical concentric-ring barrel
confined in ring-like curved confinements. Different from the symmet-
rical one, the exterior and interior rings in the asymmetrical system are
not the same. In order to calculate the free energy, the asymmetrical ring
barrel is considered as (A-B-A),—A-B, which is composed of a sym-
metrical multilayered structure and an asymmetrical one with half a
period. In this way, the Helmholtz energy F**Y can be separated into
two parts: one is F7'™" of the symmetrical multilayered structure and the
other is the Helmholtz energy of the asymmetrical one with half a
period. By setting d = ML + L/2, M is the number of symmetrical
periods. The symmetrical part F™ has been presented in above section.
Because the innermost cell of the cylinder is one A-B unit with half a
period L/2, the distortion coefficients of A and B blocks, f and x’, must
accord with the following equations

AM+1 N AM +f
and
f+x=1 (59)

Figure 31 Asymmetrical structure of concentric-ring barrel (left) and the inner cell
with half an period (right).
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The interfacial contribution to the Helmholtz energy per copolymer
chain can be expressed as

ﬁiy_ [ZMK R(A) fL) <R()»)—L+%L>]><LZ]GAB

1 L
o 2w x |[R(M) — L > x L,
27L,
OAB + . [(O’As + 0Bs)Rex — UBsd]
. 2Mo agN 2M 20 AN 2M —|—f
= 0d(2Rex — d) (ZRQX M1 d) T AR —d) (Rex M+ 1 d)
2N[(0as + OBs)Rex — Opsd]
0d(2Rex — d)
(60)

The elastic Helmholtz energy FSt of AB dlblock Copolymer chain can
be expressed by a sum of F) ™, FMVA% and FPA®

F;—‘;sy FSym + th )Asy + th Asy (61)
where Fg’ty ™ is the contribution from the symmetric part, Fg?)Asy denotes
the elastic Helmholtz energy of & block in the innermost cell. According
to Equations (53) and (56), thy ™ can be expressed as
Svm 2 fL? B(Sym)
FQ™ = M(2Rex — ML) + F™ 62
st 32N112d(2Rex _ d) x ( € ) + st ( )

31
T 8(1— f)’Na2d(2Rex — d)

When M=0, Fg BSYM) _ 0, otherwise, Fq B(Sym
M

> jz(r) dr.

=1 [Sp(A)]

In the A-B unit with half a period, the elastic Helmholtz energy of each
block can be evaluated by

/ /3 14
(A)Asy 372 2M +f fr* frt
F = Rey — L 63
. 4Na?d(2Ro, — d) 2 o1 Tea | 3
and
> ’ 13 3 144
(B)Asy 37T X x L° x L
FPAY — Rex—d+=L | x=———="| (64
‘ 4(1 —f)’Na2d (2R ex — d) ( 2 > e | Y
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By combining Equations (62), (63), and (64) with Equation (61), the
elastic Helmholtz energy of AB diblock copolymer chain can be ob-
tained. Finally, we have F**Y by adding Equation (50) to Equation (51).

4.23 Helmholtz energy of sector column confined in ring-like
curved surfaces

As shown in Figure 32, the sector column phase can also be considered
as the distortion of the vertical lamellae phase in the flat plates system,
which is a counterpart to the above parallel lamellae. With the assump-
tion of the repeated number of basic A-B unit in the cylinder, and the
interval angle of basic unit, @ = 27t/M, M is the number of sectors, the
interfacial contribution per copolymer chain can be expressed as:
% + % 2f7T(2Rex — d)L.0 as + 2(1 — f)TT(2Rex — d)L-0ps]
2MNO AB 2N

= R )+ 9 0 T f(Oas = 0]

FSec —

int

(65)

Similar to the abovementioned method, the entropic contribution of
single chain of sector column phase can be written as

4 3MML,

el
S Al

z(r)*dr (66)

Figure 32 Sector column structure (left) and the unit cell with half period of A
domain (right).



Molecular Thermodynamic Models 199

. . 0 ex :
with | [S/ALz(r)Zdr — [ror l’j R3sin’¢pdRdg = (1 /16)(1{;3 — R;;)(fQS_
sinff) and the Taylor polynomial expansion, sin x=x—x"/3!+O(x"),
Equation (66) can be simplified as

TM(RS, + R2)fO® _ 4 (2RE, — 2Rexd + d°)
128Na? B 16Na2M?

= (67)

The same way can be used to derive the entropic contribution of B
block.

The Helmholtz energy F>*° of sector column phase in SSL is the sum
of F?*¢ and FZ. Furthermore, considering M = w(2Rq — d) /Lo with Ly =

int
2(0as/3p)"?(aN)*? is the bulk lamellae period, we get the simplified
expression Equation (65) of sector column structure:

3No2,\ ' 2N 72 (3No2,\ /°
FSeC _ AB =N o o~ AB
<p2a2 ) + od [0Bs +f(0as —OBs)] + 2 ( 0 )
2 —2Kd 4 K*d?
x 2
4 —4Kd +K*d
In this work, we assume 0gg = —0ss. Equation (68) indicates that

F5¢° is a function of both thickness d and curvature K.

4.3 Application to phase separation of diblock copolymer
confined in two curved surfaces

The Helmholtz energy expressions derived above for symmetrical and
asymmetrical parallel lamellae (concentric-ring barrel) and sector col-
umn structures can be extended to flat surface systems. The compar-
isons between the curved and flat systems will not be introduced in
detail here; however, some conclusions can be shared as follows: the
concentric-ring barrel structure is the same as the parallel lamellar
essentially; the difference exists in the bending Helmholtz energy that
is zero in the flat confinement; when the curvature K increases, the
change of bending Helmholtz energy must not be neglected.
Consequently, it is well founded that the flat confinement is merely a
special case of the ring curved confinement with K — 0.

4.3.1 Strong preference of the curved surfaces to block copolymer

The morphologies of polystyrene-b-polybutadiene (PS-b-PBD) diblock
copolymers confined in a nanopore were observed by Shin and Xiang
(Shin et al., 2004), in which a lot of attentions were paid to the layer
number of the concentric cylinder barrel structure as a function of the
nanopore radius. In this work, the symmetrical and asymmetrical
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parallel lamellar mentioned in Section 4.2 are adopted to study this
problem.

In a nanopore confinement, the Helmholtz energy of both symmet-
rical and asymmetrical concentric cylinder barrel phases can be
obtained by taking d — Reyx in Equation (57) and Equation (60)-(64).
In order to compare with the above MC simulation quantitatively, the
same parameters were selected. In addition, the statistical bond length
in SSL (@ = 1.29) was calculated by an ensemble-average bond length
over all the collected configurations in MC simulation.

Figure 33 plots the Helmholtz energy profiles of both symmetrical
and asymmetrical cylinder barrels along with Rex/Lo. Both are similar to
the undulated wave. At a small R., /L, the fluctuations of Helmholtz
energy are intensified because of the bending. With increasing Rox/ Lo,
the two curves oscillate periodically, indicating the periodic adjustment
of the multilayer number. Meanwhile, the Helmholtz energy at a higher
Rex/Lo converges to the intrinsic state of the bulk phase. The corre-
sponding layer numbers N,y Of the two curves are also plotted syn-
chronously, in which the transitions of both structures are indicated at a

layer

75 4

7.0 4

6.0 -

s5 41

06 12 1.8 24 3.0 3.6 42 48 54
R /L
ex 0

Figure 33 Helmholtz energy profiles and Ni.yer versus Rey/Lo. Line 1: asymmetrical
structure; line 2: symmetrical structure.
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certain R../Lo. Line 1 denotes the asymmetrical structure, while line 2
indicates the symmetrical one. It is obvious that the Nj,y., transition of
line 1 occurs at n + (1/2), while that of line 2 merely at 1, where 7 is an
integer. There are many cross-points between line 1 and line 2 in
Figure 33, which implies the mutual transition between the two
morphologies at a certain Rey/Lo. By minimizing the Helmholtz energy
before and after the cross-points, a continuous profile of the total energy
can be plotted as a function of Rey/Lo, and the transition of Ni,y.r along
with Rey/ Lo in Figure 34. In the interval [0.4-5.5] of R.«/ Lo, the exposed
structure with higher frequencies is the asymmetrical cylinder barrel
with Niayer =11+ (1/2), which is very consistent with simulations shown
in Figure 25a.

For the direct comparison with our MC simulation, SSL theory and
the results of other simulations and experiment quantitatively, a
detailed summarization for Niaye, is listed as a function of Re./Lo in
Table 1. There are several sources of different simulations and experi-
mental data taken from Wang (Figure 3 in (Wang, 2007)), Sun et al.

layer

6.2 A

6.0 4

56
§ /iNs
54 ] N

A

0.6 1.2 1.8 24 3.0 3.6 42 48 54
R /L
ex 0

Figure 34 Total Helmholtz energy profile and the corresponding layer transition are
plotted as a function of R.,/Lo, which are obtained by minimizing free energy of two
kinds of the morphologies in Figure 33.
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(Figure 4 in (Sun et al., 2005)) and Xiang et al. (Figure 1 in (Shin et al.,
2004) and Figure 2 in (Xiang et al., 2005a)). It is worth noticing that the
diameter D in their simulations and experiments is related to the dimen-
sionless diameter D /Ly, rather than R., /L, employed in our definition.
The Niayer values in the parentheses represent the experimental data
that are different from our calculations, and all other data without the
parentheses are identical to this work.

A significant consistency is observed between MC simulation and
SSL. Wang (Wang, 2007) also studied the layer transitions in nanopore
by MC simulation and strong stretching theory. Sun et al. (Sun et al.,
2005) reported the PS-PMMA diblock copolymers confined in a nano-
pore, Xiang et al. (Shin et al., 2004; Xiang et al., 2005a) investigated the
effect of curved confinement on the morphologies of PS-PBD diblock
copolymers. From Table 1, it is found that our predictions are more
closely consistent with Wang’s simulation results and Sun et al.’s
experimental data, but a relative deviation occurs from Shin et al.’s
and Xiang et al.’s data at the small Roy/Lo. At Rex/Lo = 1.30, for
example, Niayer = 1.5 in our SSL calculation, but Ni,yer = 1.0 in Shin
et al’s and Xiang et al.’s experiments for the concentric cylinder
barrel structure. One possible reason may lie in the inaccuracy in their
experiments (not a well-defined round nanopore at the small Rey/Lo.
Finally, theoretical calculation is found to be very consistent with
simulation, and both give good predictions in comparing with exper-
imental results.

43.2 Weak preference of the curved surfaces to block copolymer

4.3.2.1 Mutual transformation between the competing morphologies.
Figures 35 and 36 show the Helmholtz energies of the concentric
cylinder barrel and sector column structures of diblock copolymer
melts confined in ring-like curved surfaces as a function of the
thickness d. Lines 1 and 2 in Figure 35 are the Helmholtz energies
of the concentric cylinder barrel structures for o5 = 0 and —0.05,
respectively. The lower Helmholtz energies are attributed to more
negative 0,g that implies more stable micro-phase structures. Line
3 in Figure 35 is the Helmholtz energy of the sector column structures
at different K values, which reveals a rapid increase at large d. At a
small d, the Helmholtz energy of the sector column phase is mainly
dominated by interfacial energy. As d increases, however, the
Helmholtz energy is gradually dominated by conformational
entropy. As compared lines 1 and 2 with line 3 in Figure 35a and b,
there is a drastic competition occurring at a small 4 caused by
minimizing the Helmholtz energies of two structures. This indicates
a notable periodical transformation from the concentric cylinder
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Figure 35 Helmholtz energies predicted by SSL for AB diblock copolymers under
curved confinements as a function of the thickness d (f = 0.5, YN =30, and N = 20) at
curvatures of K = (a) 0.02 and (b) 0.03. Lines 1 and 2: concentric cylinder barrel
structures at 0'as = 0 and —0.05, respectively; line 3: sector column phase; line 4:
complex multilayered sector column phase discussed in Section 4.3.2.3.

barrel to the sector column structures and vice versa. It is hard to form
the sector column phase at a high d due to the increasing Helmholtz
energy. In order to examine the effect of curvature on the morphology
transition for AB diblock copolymer films, Figure 36a summaries lines

Lines 1 and 4

Lines 2 and 5

Lines 3 and 6
20 40 60 80 100 : SR
d d/L,
(a) (b)
Figure 36 (a) Helmholtz energy predicted by SSL for AB diblock copolymers
confined in the different curving surfaces as a function of d at 0'as = —0.05 (f = 0.5,

XN =30, and N = 20). Lines 1-3: concentric cylinder barrel phase at K = 0.01,0.02, and
0.03, respectively; lines 4—6: sector column phase at K = 0.01, 0.02, and 0.03,
respectively; lines 7-9: complex multilayered sector column phase at K = 0.01, 0.02,
and 0.03, respectively. (b) A sketch of morphology transition for a set of competing
structures between the concentric cylinder barrel phase and the sector column phase
in part (a), where “sec” means the sector column phase, and “con\n” means the
concentric cylinder barrel structure with Niyyer = n.
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(2 and 3) in Figure 35a and b. For the concentric cylinder barrel
structures, line 1 in Figure 36a corresponds to K = 0.01; lines (2) and
(3) in Figure 36a correspond to line 2 in Figure 35a and b. While lines
4-6 in Figure 36a are for the sector column phase with the same K =
0.01 and correspond to line 4 in Figure 35a and b. In contrast to lines
4-6 in Figure 36a, it is clear that the upward tendency of sector
column structures becomes more sensitive along with increasing K
values. With increasing K from 0.01 to 0.03, the thickness d of
periodical transformation decreases gradually from 23 to 14. The
transformation between concentric cylinder barrel and sector
column structures is summarized graphically in Figure 36b.

From Figure 36, when K and d increase, the Helmholtz energy of the
sector column phase rises up rapidly. If K— 0 in Equation (68) (the
vertical lamellae structure under the flat confinement), the Helmholtz
energy approaches to a constant and is independent of d because the
second term of Equation (68) is zero. In Semenov’s SSL, the chain con-
figurations are described by the Alexander-de Gennes approximation
(de Gennes, 1980b) in which the chain stretch is assumed to be normal to
the phase interface. At a large value of Kd, the copolymer chains near the
curved surfaces stretch and shrink excessively with a sharp increase of
conformational entropy. Obviously, a new phase will come up nearby
the exterior surface for a large d resulting in a limited extensibility of the
copolymer chains.

4322 Complex multilayered sector column structure. In Section
4.32.1, we have estimated the Helmholtz energies of both the
concentric cylinder barrel and the sector column structures by SSL
theory. It is found that, with increasing the curvature K, SSL theory
predicts that the compatible region will increase, this result is in
contradiction to MC simulation. This conflict between SSL theory and
MC simulation is probably caused by the neglect of some possible
morphologies in SSL theory. One of the possible morphologies is the
“CMSC” structure just as mentioned above. This new phase region
might appear near the curved surfaces at a large d.

From the above MC simulation results, a suppositional concentric
square column structure is constructed, which is not observed in MC
simulation (Yu et al., 2007a) but can be considered as a basic block of the
CMSC structure. We plot the same four architectures together forming a
close-packed structure in Figure 37. Under curved confinements, the
topological CMSC structure can be considered as the cross-sectional
concentric circle that truncates the four close-packed square columns
with the exterior radii R.,, and the center is at the common corner of the
four squares. Among the four square columns, the phase structures of
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Figure37 Under curved confinement, when concentric circle scans the close-packed
square columns of exterior radius R.,, the topological structure of CMSC would be
considered to be a cross-section of concentric circle, whose center is at the common
corner of the four squares, exterior and interior radius are R, and R;,, respectively.

neighboring square columns are antisymmetry, while that of diagonal
square columns are symmetry. Because of the geometrical confinement
of the 2D concentric circles, the Helmholtz energy of the CMSC struc-
ture consists of three parts: a term of concentric square columns, a
surface tension term, and the bending term from the curved surfaces:

N 37> vaL\'
Femsce = FSquare (Rex) + (UAS + UBS) - X
(69)

pd 64Na?R2, 2
d 2
X
(&)

When both the exterior and interior surfaces of the confined cylinder
are neutral, the second term in Equation (69) equals to zero. If the
exterior radius Rey is fixed, Foumsc is only a function of d. Fogquare(Rex)
is the Helmholtz energy of concentric square column phase.

The Helmholtz energy per copolymer chains ngumare of the symmet-
rical concentric square column structure can be expressed as

sym _ 2V2Noap  8m® +4m +1

Square ~ pRex 8m + 2
3wl [2m+1 1 1 L B
Rex — = —|mL — — F 70
+ 64Nﬂ2R§X |: 6 ex 6 <m + 2) m 32:| + st ( )
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Fgé?are is a function of the exterior radius Rex as well as the layer

number m. Furthermore, if m=0, F5 =0; while m#0, F& =

s Z Jissn 2( )*dr, where

4Na2R3,
373 474
2, 1[xL L\ xL
/ z(¥) dr—4[ 3 <R()\.) 4> 5

~ )13 V474
A=) ?) L (R(A)_%L)Jri(1 ’2) L} (71)

and

(xk n %) <2R(/\) - Zx*: ! L> —2R(A) — }IL (72)

Similar to the asymmetrical cylinder barrel structure, the asymmet-
rical square column is considered as a combination of the symmetrical
multilayered structure w1th an asymmetrical one with half a period.
The Helmholtz energy quuare of the asymmetrical concentric square
column structure is separated into two parts: one is the Helmholtz

energy FSZuare of symmetrlcal multilayered structure and another is
the Helmholtz energy Fs quare Of an asymmetrical one with half a period
expressed by
A A A
E S;l}l,are = iniy + F .
_2V20asN  8M? +12M +4x' +3  3m’L’
" PRex 8M + 6 64Na2R2,
2M +1 L m
X { e Rex— ¢ <M+ )ML—3—2} + Form™)
3 ' B3 Jha 2,474
N 3 _4M+2f+1L XfL+fL mex L
4Na2R? [\ + 12 32 |  128Na?R?,
(73)
B(Sym) _ B(Sym) _ 5> 202
If M=0, F =0, while M#0, F = (37 /4Na°R%,)
Z j dr In the limit of d — Ry, f* and x’ could be solved by

2f - 4f +1=0and f'+x' =1. For a given R, the minimization of

Fsc;}:are is performed with respect to the optimization of m.

4.3.23 Helmholtz energy of CMSC structure. In Section 4.32.1, the
Helmholtz energies of the two competing structures, that is, the
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concentric cylinder barrel and the sector column structures, have been
discussed by SSL. Line 4 in Figure 35a and b denotes the Helmholtz
energy Fcoysc of the CMSC structure, which slightly declines with
increasing d. By comparing with other Helmholtz energy profiles, it is
easy to find that the CMSC structure tends to form at a high d, while the
concentric cylinder barrel and the sector column structures occur
mostly at a small 4. This is consistent with MC simulation results.
Further analyzing the profiles in Figure 35a and b, we see the line 4 is
lower than other lines at both higher K and larger d indicating that the
CMSC structure is more stable. However, the CMSC structure is not
observed at small enough R, in Figure 36a.

Line 7 in Figure 36 indicates the occurring of the CMSC structure at
K = 0.01; while lines 8 and 9 are at K = 0.02 and 0.03, respectively,
corresponding to line 4 in Figure 35a and b. From lines 7-9, one can
find that the origo of the Helmholtz energy profiles rises up with
increasing curvature K, despite a visible downtrend of the Helmholtz
energy Fcumsc. Due to the influence of bending, higher Helmholtz
energy profiles of square column phase are observed at smaller Ry
and larger Fcmsc. As a consequence, the CMSC structure is very hard
to form at a sufficiently small R.. Under these conditions, the morphol-
ogy in Figure 36a is different from others.

4.4 Remarks on the phase separation of confined diblock
copolymer

In this work, a framework of the SSL theory for diblock copolymer melts
confined in ring-like curved surfaces has been proposed. When the
curvature approaches to zero, it reduces to the well-known SSL theory
for the parallel lamellar phases. In the case of the equal confined thick-
ness to the exterior radius, it can also be extended to the system with a
nanopore confinement. Moreover, the Helmholtz energy of the concen-
tric cylinder barrel, sector column and CMSC phases in 2D confine-
ments based on this SSL theoretical framework can be evaluated in the
convenient manner. The calculated results show that the diblock copol-
ymer melts exhibit a layer-type transition with a similar mechanism,
regardless of ring-like curved surfaces, planar surfaces, and nanopores.

In this work, we have focused on strong surface preference with only
mutual transition between the symmetrical and asymmetrical layer-
type structures. SSL theory and MC simulation are further applied to
investigate the self-assembled morphology of diblock copolymers con-
fined in the nanopore. MC simulation shows that the Nj.yer of the
concentric cylinder barrel changes with respect to the extent of frustra-
tion between the exterior radius Ry and the bulk lamellar period L.
Simultaneously, the predictions of SSL theory also show that both
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symmetrical and asymmetrical structures occur periodically by mini-
mizing the Helmholtz energy before and after the cross-points with
increasing Rex/Lo. SSL predictions are consistent with MC simulations.
Although there are some marginal discrepancies for PS-PBD diblock
copolymers, SSL theory for confinement presented in this work shows
good agreement with experimental data for PS-PMMA diblock copoly-
mers reported in the literature.

For the surfaces with weak preference, it can be expected for more
complex structures with the competition of Helmholtz energy, leading
to the morphology transition with the multilayer type. First, two com-
peting micro-phase morphologies of the concentric cylinder barrel and
the sector column structures exist for AB diblock copolymers confined
between curved surfaces, which resembles the cases of the parallel and
vertical lamellar structures confined in planar surfaces. However, the-
oretical predictions are inconsistent with simulations results due to the
neglect of some complicated morphologies in the theoretical frame-
work. Second, we examine a representative complicated morphology
of the CMSC structure. From MC simulation, the topological character-
istic relationship between the CMSC phase and the concentric square
column structure phase is established. Finally, the predicted results are
in good agreement with simulation results that the CMSC structure
occurs at a higher thickness d, and both the mutually competing con-
centric cylinder barrel and the sector column structures ata lower d. The
reason why the CMSC structure hardly forms at a lower R,y is also
unveiled in the theory, which is confirmed by MC simulation.

5. CONCLUSIONS

Many polymer blends or block polymer melts separate microscopically
into complex meso-scale structures. It is a challenge to predict the multi-
scale structure of polymer systems including phase diagram, mor-
phology evolution of micro-phase separation, density and composition
profiles, and molecular conformations in the interfacial region between
different phases. The formation mechanism of micro-phase structures
for polymer blends or block copolymers essentially roots in a delicate
balance between entropic and enthalpic contributions to the Helmholtz
energy. Therefore, it is the key to establish a molecular thermodynamic
model of the Helmholtz energy considered for those complex meso-
scale structures. In this paper, we introduced a theoretical method
based on a lattice model developed in this laboratory to study the
multi-scale structure of polymer systems. First, a molecular thermody-
namic model for uniform polymer system is presented. This model can
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be successfully used to calculate the pVT behavior, VLE and LLE for
polymer systems. Combined with DFT, this molecular thermodynamic
model can also be used to describe the adsorption of a polymer at a
solid-liquid interface and the molecular conformation distribution at
interface regions. For the meso-structure of diblock copolymer melts
confined in curved surfaces, a SSL theory is presented to study the
morphological transition mechanism. The theoretical predicted results
are in agreement with MC simulations and experimental observations.
It means that the model parameters in the Helmholtz energy model can
be obtained by correlating the pV'T behavior, VLE and LLE of polymer
systems. They then can be used, combining with DFT and SSL theory, to
predict the adsorption behavior of polymers at solid-liquid interfaces
and the meso-structure of polymer melts.

To establish the molecular thermodynamic model for uniform sys-
tems based on concepts from statistical mechanics, an effective method
by combining statistical mechanics and molecular simulation has been
recommended (Hu and Liu, 2006). Here, the role of molecular simula-
tion is not limited to be a standard to test the reliability of models. More
directly, a few simulation results are used to determine the analytical
form and the corresponding coefficients of the models. It retains the
rigor of statistical mechanics, while mathematical difficulties are
avoided by using simulation results. The method is characterized by
two steps: (1) based on a statistical-mechanical derivation, an analytical
expression is obtained first. The expression may contain unknown
functions or coefficients because of mathematical difficulty or some-
times because of the introduced simplifications. (2) The form of the
unknown functions or unknown coefficients is then determined by
simulation results. For the adsorption of polymers at interfaces, simu-
lation was used to test the validity of the weighting function of the WDA
in DFT. For the meso-structure of a diblock copolymer melt confined in
curved surfaces, we found from MC simulation that some more com-
plex structures exist. From the information provided by simulation,
these complex structures were approximated as a combination of sim-
ple structures. Then, the Helmholtz energy of these complex structures
can be calculated by summing those of the different simple structures.

The macroscopic properties such as mechanical behavior of block
copolymers or polymer blends depend directly on the relative concen-
trations of different constituents and their meso-structures. How to
predict the exact macroscopic properties of polymer blends or block
copolymers with meso-phase separation structures from pure com-
ponent properties remains a big challenge. Some theoretical efforts
have been explored. For example, Buxton et al. found that the defor-
mations and fractures of polymer blends can be described by the
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micromechanical lattice spring model (LSM). Here, the information of
the micro-phase separation of polymer blends obtained from the Cahn-
Hilliard (CH) model, the lattice Boltzmann model (LBM), or the MD
method are taken as the input of the LSM (Buxton and Balazs, 2005;
Buxton and Balazs, 2004; Buxton and Balazs, 2003; Buxton ef al., 2005).
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the statistical bond length of polymer

empirical constants in the model of Helmholtz energy of mixing
in Equation (17)

the thickness of block copolymer membrane confined between
two concentric curved surfaces

the branching degree of a branched polymer

nonrandom factor defined in Equation (12) or composition of
diblock copolymer

Helmholtz energy

radial distribution function

propagator function in Equations (59)—(61)

Boltzmann constant

number of component in mixture or the curvature of cylindrical
pore defined by K = 1/Ry

the length of cylindrical pore

the number of periods in the lamellar

the number of molecule in the fluid mixture

the number of head units of a polymer chain

total number of sites in lattice model

the number of ways in which three bonds meet at a lattice site
pressure

surface area parameter

the coordinate of all solvent molecules or polymer segment
the coordinate of all polymers with configurations inherited
chain length of polymer

the radius of cylindrical pore

entropy

temperature (K)

internal energy

the external potential exerted on a segment of polymer

the hard-core volume of a segment of polymer or solvent
volume or the external potential exerted on all segments
weighting function in DFT

mole fraction or the distortion coefficient of block
coordination number of a lattice
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Flory-Huggins parameter

interaction energy between segments of polymer or between the
segment of polymer and solvent

volume fraction

the grand potential

surface fraction of a segment of polymer that can participate in
oriented interaction

function defined by Equation (54)

a parameter accounting for the long-range correlations beyond
the close contact pair

chemical potential

surface fraction

density of fluid

the interfacial tension

the exchange energy between segments of different components
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